A maser or a laser is typically based on a medium with three or more levels wherein one transition is pumped to establish population inversion on another (signal) transition ([@r1]). Alternatively, pumping may serve to induce coherence between a set of levels, as in the case of lasers without inversion (LWI) ([@r2]). Either scheme results in the pump conversion into a coherent, amplified signal output.

A much less emphasized aspect of lasers and masers is their analogy to heat engines. This analogy was pointed out by Scovil and Schulz-DuBois (SSD) ([@r3]) who related the maximal conversion efficiency of a three-level maser to the Carnot efficiency bound ([@r4]) by assuming that one transition is pumped by a hot bath and another is coupled to a cold bath. The three-level SSD scheme ([*SI Appendix*, Fig. S1](http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1805354115/-/DCSupplemental)) has become a canonical microscopic model for heat engines ([@r5], [@r6]) and their quantum-mechanical characteristics ([@r7][@r8]--[@r9]).

In view of the extensive developments in the area of quantum heat engines ([@r10][@r11][@r12][@r13][@r14][@r15][@r16][@r17][@r18][@r19][@r20]--[@r21]), we find it timely to revisit the rapport between masers and heat engines. To this end, we put forward an unconventional operational paradigm of a remarkably simple, heat-powered maser. Against the common view that at least two transitions are needed for a maser/laser, the proposed device uses only one (two-photon, i.e., Raman) transition and its working medium (WM) is well approximated by uninverted two-level systems (TLSs). We identify the work ([@r22][@r23]--[@r24]) output of the proposed device with the useful (noiseless) portion of the amplified signal. We find that neither the input nor the output need be fully coherent to come close to the highest (SSD) efficiency.

The basic ingredients of the envisaged device are ([Fig. 1*A*](#fig01){ref-type="fig"}) (*i*) hot and cold heat baths, realized by ambient thermal radiation that is filtered into spectrally distinct modes of (infrared or microwave) narrow-band cavities; (*ii*) a WM consisting of TLSs that are continuously ([@r6], [@r14]) \[rather than intermittently, as in Otto or Carnot cycles ([@r10], [@r17], [@r20])\] coupled to the hot and cold baths (cavity modes); and (*iii*) a microwave or infrared-signal mode which acts as a "piston" that extracts the work.

![(*A*) The proposed quantum heat engine acting as a maser. The two narrow-band cavities spectrally filter the hot and cold baths. The working medium consists of TLSs with energy-level distance $\omega_{0}$ and an off-resonant microwave or infrared signal (green) at frequency $\nu$. The two black mirrors define the signal mode but they are not essential for maser operation in the single-pass amplifier regime of the signal. (*B*) A thermodynamic outline of the proposed scheme.](pnas.1805354115fig01){#fig01}

The two levels of the WM are coupled to the cold bath near a frequency $\omega_{0}$ and (via a two-photon transition) to the hot bath near the frequency $\omega_{h}$ as well as to the signal near $\nu = \omega_{h} - \omega_{0}$. The heat-to-work conversion consists of photon absorption from the hot bath, reemission into the cold bath, and production of a signal photon at the difference frequency.

Because the WM interacts with the cold bath resonantly and hence more strongly than with the hot bath, the WM can be assumed to be close to the temperature of the former. Then the imbalance between the populations of the hot bath and the WM can lead to amplification of the signal mode.

Operational Principle {#s1}
=====================

We consider the WM whose $\left. \left| e \right\rangle\leftrightarrow\left| g \right\rangle \right.$ transition at frequency $\omega_{0}$ is near resonant with a cold bath (c) and is in a two-photon (Raman) resonance with the signal mode at frequency $\nu$ and the hot-bath (h) modes near frequency $\omega_{h}$ ([Fig. 1*B*](#fig01){ref-type="fig"}). The effective Hamiltonians of the interaction between the WM and the two baths in the interaction picture and the rotating-wave approximation (RWA) are $V_{c}\left( t \right)$ and $V_{h}\left( t \right)$, respectively. They are written in terms of $a_{k}^{({c,h})}$ and $\mathsf{b}^{\dagger}$, the mode annihilation and creation operators of the two baths and signal, respectively. While the Hamiltonian $V_{c}\left( t \right)$ for resonant system--bath coupling composed of $\left| e \right\rangle\left\langle g \right|a_{k}^{(c)}$ terms is well known ([@r2]), the unconventional Raman-coupling Hamiltonian $V_{h}\left( t \right)$ consisting of $\left| e \right\rangle\left\langle g \right|\mathsf{b}^{\dagger}a_{k}^{(h)}$ is derived in [*SI Appendix, Derivation of the Raman Hamiltonian*](http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1805354115/-/DCSupplemental).

Because, as mentioned above, the WM interacts mainly with the near-resonant cold bath at temperature $T_{c}$ (i.e., $V_{h}\left( t \right)$ has much weaker effect than $V_{c}\left( t \right)$), it attains a steady state whose upper- and lower-level populations $\rho_{ee}$ and $\rho_{gg}$ are related by$$\frac{\rho_{ee}}{\rho_{gg}} \simeq \exp\left( {- \frac{\hslash\omega_{0}}{k_{B}T_{c}}} \right) = \frac{{\overline{n}}_{c}}{{\overline{n}}_{c} + 1},$$where$${\overline{n}}_{c,h} = \left\lbrack {\exp\left( \frac{\hslash\omega_{0,h}}{k_{B}T_{c,h}} \right) - 1} \right\rbrack^{- 1}$$are the photon occupancies of the two baths. The knowledge of this steady state now allows us to find the evolution of the signal field as a mediator of the interaction between the WM and the hot bath. From the master equation for the signal mode, taking the limit where the signal mode is treated semiclassically ([*SI Appendix, Evolution of the signal state*](http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1805354115/-/DCSupplemental)), one can obtain a rate equation for the signal-mode intensity (mean energy) in the single-pass amplifier regime ([@r2])$$\begin{matrix}
{İ_{s} = GI_{s}} \\
{G = 2\gamma_{h}\left\lbrack {\rho_{gg}{\overline{n}}_{h} - \rho_{ee}\left( {{\overline{n}}_{h} + 1} \right)} \right\rbrack,} \\
\end{matrix}$$where $G$, the gain of our maser, is proportional to $\gamma_{h}$, the transition rate associated with the Raman coupling constant, and the factor in the square brackets that expresses the difference between the photon stimulated-emission probability $\rho_{gg}{\overline{n}}_{h}$ and its absorption $\rho_{ee}\left( {{\overline{n}}_{h} + 1} \right)$ induced by the hot bath. This nonstandard factor allows for gain from an uninverted WM, as shown below.

The gain ([@r3]) can be rewritten with the help of [Eq. **1**](#eq1){ref-type="disp-formula"} as$$G = \gamma_{h}\frac{2\left( {{\overline{n}}_{h} - {\overline{n}}_{c}} \right)}{2{\overline{n}}_{c} + 1}.$$This means that $G \geq 0$, above or at the amplification threshold, corresponds to ${\overline{n}}_{h}\left( \omega_{h} \right) \geq {\overline{n}}_{c}\left( \omega_{0} \right)$ and hence to$$\frac{\omega_{h}}{T_{h}} \leq \frac{\omega_{c}}{T_{c}}.$$The energy $\hslash\omega_{h}$ of a hot-bath photon is shared between the signal-mode and cold-bath photons, with energies $\hslash\nu$ and $\hslash\omega_{c}$, respectively. This sets the limit on the efficiency of our engine, defined as the ratio of the extracted energy in the signal mode to the heat input from the hot bath.

Since $\omega_{c} = \omega_{h} - \nu$, this efficiency (conforming to [Eqs. **3**](#eq3){ref-type="disp-formula"}--[**5**](#eq5){ref-type="disp-formula"}) satisfies$$\eta = \eta_{SSD} = \frac{\nu}{\omega_{h}} \leq 1 - \frac{T_{c}}{T_{h}},$$where the equality holds at threshold in the semiclassical regime for the signal. Namely, we recover the SSD relation ([@r3]) for the engine efficiency at the threshold point whereby the signal to the hot-pump frequency ratio corresponds to the Carnot limit. Below threshold, i.e., for $G < 0$, the device acts as a refrigerator: It consumes the signal power to move heat from the cold to the hot bath ([@r5]).

In contrast to the SSD model for a maser, here the WM is uninverted and no other transition is practically involved (although the Raman process presumes a far-detuned, additional empty level). Thermal-occupancy imbalance of the two baths ${\overline{n}}_{h}\left( \omega_{h} \right) > {\overline{n}}_{c}\left( \omega_{0} \right)$ at two different frequencies, $\omega_{h}$ and $\omega_{0}$, rather than population inversion of the levels, $\rho_{ee} > \rho_{gg}$ in a conventional (SSD) maser, is the requirement for the output signal intensity to exceed its input counterpart in a single pass.

The present model, which uses Raman coupling to the virtual level, still shares common thermodynamic properties with the three-level SSD maser, in particular, the Carnot bound for the efficiency. However, the Carnot bound is practically useless since it is attained in the regime of vanishing power output. Interestingly, a recent study ([@r25]) investigates the efficiency at the maximum power (EMP) of the SSD model and demonstrates that the same EMP bound holds for its four-level counterpart. Given the similarity between the SSD model and the proposed model, it may be worthwhile to investigate whether similar bounds are also obtained for the two-level counterpart.

Quantized Photonic Work {#s2}
=======================

The above discussion has assumed, as is common for heat machines ([@r4], [@r6], [@r14]), that the piston (here the signal mode) is semiclassical and its entropy is negligible (hence it is often referred to as a work reservoir). However, in the case of a microscopic input signal, we must allow for the "heating up" of the signal mode ([@r7]). That is, part of the energy acquired by the piston leads to its entropy increase and cannot be extracted as useful work.

To find the maximal work ([@r22][@r23]--[@r24]) extractable from the signal mode, a fully quantum treatment of this mode is required. To this end we consider the evolution of the Glauber--Sudarshan $P$ function of the signal mode ([@r2], [@r26], [@r27]), governed by a Fokker--Planck equation ([*SI Appendix, Evolution of the signal state*](http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1805354115/-/DCSupplemental)). For an initial coherent state $\left| \alpha_{0} \right\rangle$ we find that the distribution (in the interaction picture) evolves as$$P\left( {\alpha,t} \right) = \frac{1}{\pi\sigma^{2}\left( t \right)}\exp\left\lbrack {- \frac{\left| \alpha - \alpha_{0}e^{Gt/2}|^{2} \right.}{\sigma^{2}\left( t \right)}} \right\rbrack.$$Thus, the distribution is shifted outward by $\alpha_{0}e^{Gt/2}$ and its width grows (during the single-pass transit time $t$) as$$\sigma^{2}\left( t \right) = \frac{{\overline{n}}_{h}\left( {{\overline{n}}_{c} + 1} \right)}{{\overline{n}}_{h} - {\overline{n}}_{c}}\left( {e^{Gt} - 1} \right).$$That is, a coherent state at the input becomes a displaced thermal state at the output ([Fig. 2*A*](#fig02){ref-type="fig"}). The mean energy of this state is ([@r28])$$\left\langle {H_{s}\left( t \right)} \right\rangle = \hslash\nu\left\lbrack \left| \alpha_{0}|^{2}e^{Gt} + \sigma^{2}\left( t \right) \right. \right\rbrack,$$where the first term in the brackets corresponds to the coherent amplitude and the second one to the thermal contribution.

![Amplification of the signal state. (*A*) The Glauber--Sudarshan $P$ function of an initial coherent state $\left| \alpha_{0} \right\rangle$ and the amplified state. The initial $P$ function is singular while the final state is a displaced thermal state which has a finite width $\sigma\left( t \right)$. (*B*) Separation of the active (work-producing) and passive (heat-producing) components of the signal output by the displacement operator implemented via a beam splitter (BS) transformation. (*C*) Amplification of a small (few-photon) signal, well below the saturation regime: The passive (thermal) energy $Q_{s}$, ergotropy (or work) $\mathcal{W}_{s}$, and total mean energy $\left\langle H_{s} \right\rangle$ are plotted for initial $\left| \alpha_{0}|^{2} = 1 \right.$ as a function of the gain ($G$) ([Eq. **4**](#eq4){ref-type="disp-formula"}), multiplied by the transit time $t$. (*D*) Efficiency $\eta$ \[work output divided by the heat input ([*SI Appendix, Derivation of the maser efficiency*, Eq. **S31**](http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1805354115/-/DCSupplemental))\] as a function of the mean-squared amplitude $\left| \alpha_{0}|^{2} \right.$ tends to the semiclassical efficiency $\eta_{SSD} = \nu/\omega_{h}$ limited by the Carnot bound for large initial-state amplitudes $\left| \alpha_{0} \right|$. The parameters for *C* and *D* are $\nu/\omega_{h} = 0.3$, $\gamma_{h}/\nu = 0.033$, and $T_{h} = 2.33T_{c}$.](pnas.1805354115fig02){#fig02}

For a given signal state $\rho_{s}$, the ergotropy ([@r19], [@r22][@r13]--[@r24], [@r29]), which is the maximal extractable work from that state, is expressed by$$\mathcal{W}\left( \rho_{s} \right) = \left\langle {H\left( \rho_{s} \right)} \right\rangle - \left\langle {H\left( \rho_{s}^{pas} \right)} \right\rangle.$$Here $\rho_{s}^{pas}$ is a passive state: It is defined as the state with the least energy that is accessible from $\rho_{s}$ via a unitary transformation. Namely, [Eq. **10**](#eq10){ref-type="disp-formula"} expresses the maximal energy change that can be effected unitarily, without entropy change, which is the definition of work ([@r19]) extractable from the signal.

In the displaced-thermal state output, the $\hslash\nu\sigma^{2}\left( t \right)$ term in expression [@r9] for the energy corresponds to a passive state. Indeed, the phase-space displacement operator $\mathcal{D}\left( {- \alpha} \right) = e^{- \alpha a^{\dagger} + \alpha^{*}a}$ for $\alpha = \alpha_{0}e^{Gt/2}$ applied to the amplified signal mode at $t$ will transform it to a thermal state centered at the phase-space origin. This operation is unitary and hence isentropic. The resulting thermal state of energy $\hslash\nu\sigma^{2}\left( t \right)$, on the other hand, is entirely passive ([@r30]) and permits no further work extraction. Hence the ergotropy of the output state is $\left. \mathcal{W}\left( t \right) = \hslash\nu \middle| \alpha_{0}|^{2}e^{Gt} \right.$.

The displacement operator that extracts the work can be realized by overlapping the target state on a highly reflective beam splitter ([@r31], [@r32]) with a strong coherent local oscillator field ([Fig. 2*B*](#fig02){ref-type="fig"} and [*SI Appendix, Implementation of the displacement operator*](http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1805354115/-/DCSupplemental)).

The efficiency of the engine with a coherent state $\left| \alpha_{0} \right\rangle$ at the input is found to be always less than that of its classical counterpart, but approaches it for high input-state amplitude ([Fig. 2 *C* and *D*)](#fig02){ref-type="fig"}. If the engine is operated by injecting independent coherent states with arbitrary mean phases, whose amplitudes are distributed according to $p\left( \left| \alpha_{0} \right| \right)$, the upper bound on the mean efficiency can be calculated to be ([*SI Appendix, Derivation of the maser efficiency*](http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1805354115/-/DCSupplemental))$$\left. \left\langle \eta \right\rangle = \frac{\nu}{\omega_{h}}\int\frac{\left| \alpha_{0}|^{2} \right.}{\left| \alpha_{0}|^{2} + \frac{{\overline{n}}_{h}\left( {{\overline{n}}_{c} + 1} \right)}{{\overline{n}}_{h} - {\overline{n}}_{c}} \right.} \middle| \alpha_{0} \middle| p\left( \left| \alpha_{0} \right| \right)d \middle| \alpha_{0} \middle| \leqslant \eta_{SSD}. \right.$$We see that efficiencies up to the SSD limit are obtainable provided the mean initial amplitude $\left\langle \left| \alpha_{0} \right| \right\rangle$ is well above 1 and dominates over the thermal term ${\overline{n}}_{h}\left( {{\overline{n}}_{c} + 1} \right)/\left( {{\overline{n}}_{h} - {\overline{n}}_{c}} \right)$.

The upper bound on the efficiency in [Eq. **11**](#eq11){ref-type="disp-formula"}, which is given by the equality sign, requires a local oscillator in [Fig. 2*B*](#fig02){ref-type="fig"} that is adapted to the amplitude and phase of each initial coherent state. Namely, phase and amplitude estimation on the input would be beneficial to properly adjust the local oscillator phase. However, phase variance of the signal below 1 suffices, so that it can properly interfere with the local oscillator.

Proposed Experimental Setups {#s3}
============================

The envisioned experiments may be conducted with thermal atoms or molecules in microwave cavities ([@r2]). One cavity mode can be in contact with either solar radiation or air and the other one with the colder ground (earth surface). The corresponding hot and cold bath-temperature differences may range from hundreds to tens of kelvins ([Fig. 1](#fig01){ref-type="fig"}). The WM may consist of, e.g., molecules in a host lattice at room temperature, with a dipolar transition $\omega_{0} > 1.45$ GHz. Whereas optical pumping is normally required for their population inversion ([@r33], [@r34]), it is not needed in the proposed scheme: In the engine considered above, ambient heat may be converted to work at the signal frequency $\nu \gtrsim 1$ MHz: for Raman coupling $g_{k} \gtrsim 5 - 10$ Hz and a solid matrix of atoms or molecules with densities $\sim 10^{18}$ cm^−3^, we may obtain a gain rate $G \gtrsim 100$ kHz.

In our quest for an optimized WM, we may consider a transition with a giant transition dipole between two Rydberg levels with $\omega_{0}$ in the gigahertz range. Similar gain rates as in the example above may then be obtained with much lower Rydberg-atom densities of $\sim 10^{12}$ cm^−3^. The downside of this implementation is that it requires pumping of the lower level in the Rydberg transition. The upside is that the power output from a Rydberg atom ^87^Rb in the level $n = 68$ may be higher by three orders of magnitude (per atom) than in ref. [@r17] \[where the power per particle (ion) is $3.4 \times 10^{- 24}$ W\].

Conclusions {#s4}
===========

The analysis of the proposed schemes indicates the experimental feasibility of a hitherto unexplored principle: a two-level maser powered by heat and its ability to act as a photonic heat engine. The scheme is universal: We can always choose a transition at frequency $\omega_{0}$ to be resonant with the cold-bath cavity mode and tune the signal to the frequency difference $\nu$ between the hot and cold cavity modes, so that the signal is amplified at the expense of the difference between thermal-quanta occupancies of the two cavity modes.

We have seen that for maximal work extraction the required property of the signal-mode output is to be as different as possible from a passive state. The phase spread of the input may be much larger than that of the relevant coherent state. As long as the input mean phase variance is below 1 during repeated operations of the engine, work extraction is straightforward by mixing the output signal with a local oscillator.

From the technological point of view the ability to extract useful photonic work (power) by an autonomous engine from ambient heat at the temperature difference between, say, the atmosphere and the ground surface is highly advantageous. Strikingly, the proposed maser, in which the heat exchange between the hot and cold baths mediated by the two-level working medium amplifies the signal field, can attain high efficiency even if the signal field is not fully coherent.
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